Abstract: We present rigorous solutions for the geoid-fromquasigeoid correction (GQC) using Taylor expansions of surface gravity disturbances along the vertical from the Earth's surface to the geoid. One solution takes advantage of the topographic potential bias at the geoid, which can be expressed by a simple formula. This implies that the accurate GQC does not need a terrain correction.
Motivation
The classical approximate expression for the geoid-fromquasigeoid height correction (GQC) is the product of the Bouguer gravity anomaly and the orthometric height divided by mean normal gravity (cf. Heiskanen and Moritz 1967, Sect. 8-13) . Helmert (1890) knew that this formula was not precise enough in mountainous areas, and it was further studied by Niethammer (1932) . Sjöberg (1995) added a term related with the vertical gradient of the gravity anomaly, and Flury and Rummel (2009) augmented the classical formula by adding a term that includes the topographic potential difference at the geoid and the surface point. While the classical formula estimates the peak GQC in the Himalayas to be of the order of −2 m, Sjöberg and Bagherbandi (2012) estimated it to −5.5 m from a more accurate expression with direct geoid and height anomaly differences estimated by an Earth Gravitational Model complete to degree and order 2160. Although most formulas are approximate, Tenzer et al. (2006) , Sjöberg (2010) and (2012) published some strict approaches to solve the problem. Tenzer et al. (ibid) used the mean gravity disturbance between the geoid and Earth's surface, including the topographic attraction determined by the Newton in-*Corresponding Author: Lars Sjöberg: Royal Institute of Technology (KTH) Stockholm, Sweden, E-mail: lsjo@kth.se tegral of all topographic masses, which is not well known. The goal of the present work is also to derive explicit formulas for the GQC using gravity disturbances, but avoiding the inaccurate and cumbersome Newton integral.
Recent formulas
The classical formula for determining the GQC is (cf. Heiskanen and Moritz 1967, Sect. 8-13) 
where N is the geoid height, ζ is the height anomaly, ∆g B is the simple Bouguer gravity anomaly,¯is the mean normal gravity between the reference ellipsoid and normal height, and H P is the orthometric height at the computation point P. Flury and Rummel (2009) showed that this formula needs an improvement in mountainous regions to (cf. Flury and Rummel 2009, Eq. 24 )
where
is the refined Bouguer anomaly, V T is the topographic potential , and subscripts g and P denote locations at the geoid and Earth's surface, respectively. Sjöberg (2010) and (2012) developed the formula further to rigorous expressions for surface gravity anomalies, the latter using gravity anomaly ∆g c P , which replaces the Bouguer correction with an arbitrary compensation scheme (cg. Sjöberg 2012, Eq. 7a), yielding
where dV = V T −V c , V c being the compensation potential, and
is a residual height, which is assumed to be negligible in most situations and is therefore not explicitly expressed in a practical form.
Eq. (3a) is consistent with "the fundamental equation of physical geodesy" (Heiskanen and Moritz 1967, Eq. 2.147c) :
where T is the disturbing potential and h is the geodetic height (i.e. the height above the reference ellipsoid along its normal).
3 Rigorous formulas using gravity disturbances Tenzer et al. (2006) presented a technique to determine the GQC based on the mean gravity disturbance along the vertical between sea level and the Earth's surface. The attraction of the topographic masses was determined by direct Newton integration of the topographic masses, assuming that the distribution of those masses is known. However, an accurate application of the integral implies a notable computational effort, and the assumption does not agree well with reality. Here we will also use the gravity disturbance in some strict formulas, but the goal is to avoid using the Newton integral for the topographic attraction. In Sect. 3.1 we use the Bouguer gravity disturbance, and in Sect. 3.2 we generalize the concept to an arbitrary topographic mass compensation. In Sect. 3.3 the GQC is expressed by analytical continuation of the external disturbing potential.
Application of the Bouguer gravity disturbance
The disturbing potential difference between a point at the geoid and the surface point P can be expressed:
where T NT is the no-topography disturbing potential, i.e.
the potential with the topographic potential V T removed.
As T NT g assumes no topographic masses, it can be expressed as a Taylor series at the surface point P:
where the last step employed the relation between the Bouguer gravity disturbance and the no-topography disturbing potential:
where δg is the surface gravity disturbance and A T is the topographic attraction. Inserting Eq. (6) into Eq. (5) one obtains
and by considering that the GQC can be expressed:
where Q is a point at normal height corresponding to the point P on the surface, one finally arrives at the following strict formula for the difference:
The first two terms on the right hand-side of Eq. (10) can be approximated by (see Appendix)
so that the equation turns into the approximation
(12) The approximation error in Eq. (11) is less than 3 mm for the highest mountains and usually much less (see Appendix), so that Eq. (12) can practically be regarded as a strict representation of the GQC.
Application of an arbitrary topographic mass compensation
If the removal of the topographic potential is replaced by the residual topographic potential
where V c is an arbitrary topographic compensation potential (generated by a mass model on or below sea-level), it implies that the Bouguer gravity disturbance and anomaly in Eqs. (10) and (11) 
where A c is the compensation mass attraction. Then
Eqs. (10) and (11) become
and
(16) It is likely that a suitable choice of topographic compensation, e.g. by using an isostatic model, will considerably reduce the magnitude of each term in Eqs. (15) and (16).
Analytical continuation
The disturbing potential difference between points at the geoid and surface point P, Eq. (5), can also be expressed
where T * P is the analytically continued disturbing potential at the geoid. The difference T * P − Tg is the topographic bias of the disturbing potential, which for a constant topographic density distribution becomes (Sjöberg 2007, Eq. 20) :
where G is the gravitational constant, ρand H are the density and orthometric height of the topography and R is mean radius of the Earth. Also, similar to Eq. (6), the downward continued disturbing potential T * P can be expressed as a Taylor series, so that the last to terms in Eq. (17) become
Considering Eqs. (17) - (20) Eq. (9) becomes
or,
Obviously, the only topographic information needed in this formula is the orthometric height and topographic density at the computation point. See also Sjöberg and Bagherbandi (2012) , who directly employed Eq. (17) with the topographic bias for a numerical application using solid spherical harmonics.
Concluding remarks
Usually the geoid-from-quasigeoid correction is expressed by an approximate formula given as the product of the Bouguer gravity anomaly and the orthometric height divided by mean normal gravity, possibly with some small corrections added. Here we present some rigorous Taylor series of gravity disturbances along the vertical from the Earth's surface to the geoid. The first two series (Sects. 3.1-3.2) require infinite series of the vertical derivatives of the Bouguer or topography compensated gravity disturbances. They also include the topographic potential difference between the surface and geoid, which can be determined in various ways. In the second type of series (Sect 3.3) all the topographic reduction is contained in the topographic potential bias at the geoid, which can easily be computed whence the topographic density is assumed to be constant and known along the vertical at the computation point. For a variable mass density distribution this bias can be refined by a onedimensional integral along the vertical from the geoid to the topographic surface (Sjöberg 2007) . It follows that the terrain correction is not needed to compute the GQC. All new formulas are power series in orthometric height, but the significance of higher power terms need special investigation. Hence, for R = 6371 km, H < 8.9 km, |ζ − N| ≤ 10 m and |ζ | ≤ 100 m it follows that |ζ | |di | < 3 mm.
